Abstract. In this paper, we extend some significant Ky Fan type inequalities in a large setting to operators on Hilbert spaces and derive their equality conditions. Among other things, we prove that if f : [0, ∞) → [0, ∞) is an operator monotone function with f (1) = 1, f ′ (1) = µ, and associated mean σ, then for all operators A and B on a complex Hilbert space H such that 0 < A, B ≤ 1 2 I, we have
Introduction
Let n ≥ 2, and let µ 1 , . . . , µ n ≥ 0 such that n i=1 µ i = 1. For arbitrary real numbers x 1 , . . . , x n > 0, we denote by A n , G n , and H n the arithmetic mean, the geometric mean, and the harmonic mean of x 1 , · · · , x n , respectively; that is,
For x i ∈ (0, 
The most important and elegant Ky Fan type inequalities can be divided in the following three classes:
• Additive class:
(1.1)
• Reciprocal additive class:
1
(1.5)
• Multiplicative class:
If µ 1 , . . . , µ n > 0, then equality holds in each of the above inequalities if and only if x 1 = · · · = x n . It should be noted that, for any n ≥ 2, G ′ n − H ′ n and G n − H n are not comparable in general; see [1] . Clearly, (1.8) is a consequence of (1.6) and (1.7). In addition, one can easily see that (1.3), (1.4) , and (1.5) are deduced from (1.6), (1.7), and (1.8), respectively. Inequality (1.6) is called Ky Fan inequality. Several mathematicians obtained extensions, refinements, and various related results. For more information on Ky Fan type inequalities, see [4, 11, 13, 15, 16] , also [10, 17] , and the references therein.
Let B(H ) be the C * -algebra of all bounded linear operators acting on a complex Hilbert space (H , · , · ), and let I be the identity operator on H . When dim H = n is finite, we shall naturally identify B(H ) with the algebra M n (C) of all n by n complex matrices. Given an operator A ∈ B(H ), the spectrum of A is denoted by sp(A). An operator A is called positive if Ax, x ≥ 0 for all x ∈ H , and then we write A ≥ 0. We denote by B + (H ) the convex cone of all positive operators on H . If A is positive and invertible, we write A > 0. For self-adjoint operators A, B ∈ B(H ), we write A ≤ B if B − A ≥ 0. This operator order is called the Löwner order. The monotonicity principle for operator functions, concluded from (continuous) functional calculus, states that if A ∈ B(H ) is self-adjoint and f, g are continuous real-valued functions on sp(A), then
Moreover, f (A) = g(A) if and only if f (t) = g(t) for all t ∈ sp(A). Inequalities for real numbers may have several plausible extensions to self-adjoint operators on Hilbert spaces. Only some of them turn out to be valid. Clearly, the monotonicity principle for operator functions allows us to extend some significant inequalities for real numbers to self-adjoint operators. If such an extension of an inequality for real numbers is not possible, one may wonder whether an eigenvalue inequality is true.
The axiomatic theory of connections and means for pairs of positive operators have been developed by Kubo and Ando [9] . A binary operation σ defined on the set of positive operators is called a connection provided that (M1) A ≤ B and C ≤ D imply that AσC ≤ BσD; (M2) A n ↓ A and B n ↓ B imply that A n σB n ↓ AσB, where A n ↓ A means that (A n ) is a decreasing sequence converging to A in the strong operator topology on B(H ).
A mean is a connection σ satisfying the normalized condition IσI = I. The class of Kubo-Ando means cover many well-known operator means. For 0 ≤ µ ≤ 1, the weighted arithmetic mean ∇ µ , the geometric mean ♯ µ , and the harmonic mean ! µ of positive invertible operators A and B are defined, respectively, by
In the case when µ = 1 2
, the usual arithmetic, geometric, and harmonic means of A and B are simply denoted by A∇B, A♯B, and A!B, respectively. A classical arithmetic-geometric-harmonic mean inequality with respect to the Löwner order is
see [5] for some recent developments. The aim of this paper is to generalize the classical Ky Fan type inequalities (1.1)-(1.8) for operators on Hilbert spaces and obtain their equality conditions in the case of n = 2. In section 2, given an arbitrary operator mean σ with representing function f , we establish a very useful identity for the difference of A∇ µ B − AσB, where µ = f ′ (1). In section 3, using this identity, we extend in a large setting the Ky Fan type inequalities (1.1) and (1.2) to operators on Hilbert spaces. Imposing the separability condition on H and compactness of A − B, we obtain extended eigenvalue versions of the other above listed Ky Fan type inequalities. Also, we drive equality conditions for all presented results.
Mean identities
In this section, we present a significant mean identity which will be used in extending the listed Ky Fan type inequalities to operators on Hilbert spaces and discussing their equality conditions.
By an operator monotone function, we mean a continuous real-valued function f defined on an interval J ⊆ R such that A ≥ B implies that f (A) ≥ f (B) for all self-adjoint operators A and B with spectra in J. Some structure theorems on operator monotone functions can be found in [2, 6, 9] . It is an important fact that there are one-to-one correspondences between the following objects which are explained in what follows. Moreover, the map σ → f is bijective, affine, and order-preserving.
The operator monotone function f in the previous theorem is called the representing function of σ. When emphasizing is needed, we denote by σ f the associated operator mean with f . The connection σ associated with a nonnegative operator monotone function f on [0, ∞), is formulated by
for all positive invertible operators A and B. The operator monotone functions 1 − µ + µt, t µ , and (1 − µ + µt −1 ) −1 on [0, ∞) with 0 ≤ µ ≤ 1, correspond to the weighted arithmetic, geometric, and harmonic means, ∇ µ , ♯ µ , and ! µ , respectively. Let σ be an operator mean with representing function f . By the integral representation of f , see [6] , it is seen that if f is non-linear, then f ′′ (t) < 0 for all t > 0, and in particular, f is strictly concave on [0, ∞). The operator means associated with the operator monotone functions f (t −1 ) −1 , tf (t −1 ) and tf (t) −1 are called the adjoint, the transpose and the dual of σ, and denoted by σ * , σ 0 and σ ⊥ , respectively; see [6] . Formula (2.1) gives explicit forms to the adjoint, the transpose and the dual as follows:
for all positive invertible operators A and B. It is easy to see that
, using functional calculus at the operator
and considering (2.1), we get
for all positive invertible operators A and B. Therefore, if τ is another operator mean, then replacing σ with τ * and σ * in (2.2), respectively, we get
In particular, if 0 ≤ µ ≤ 1, replacing τ by ∇ 1−µ and σ by σ 0 , we get
while replacing τ by ! µ and σ by σ * , we get
for all positive invertible operators A and B.
be an operator monotone function with f (1) = 1, f ′ (1) = µ, and associated mean σ. We know that 0 ≤ µ ≤ 1. By the concavity of f (t) and tf (t) −1 , we have
6) for all positive invertible operators A and B. By (2.5), if µ = 0 or µ = 1, then f ≡ 1 or f (t) = t (t ≥ 0), respectively. If f is non-linear, then f is strictly concave with 0 < µ < 1, which in particular yields that the right inequality in (2.5) is strict, when t = 1. 
is an operator monotone function from [0, ∞) to [0, ∞). In fact, every operator monotone function from [0, ∞) to [0, ∞) arises in this form. Moreover, the map m → f is bijective, affine, and order-preserving.
The measure m in the previous theorem is called the associated measure of the operator monotone function f . So, a connection is a mean if and only if its associated measure is a probability measure. Considering (2.7) and (2.1), the connection associated with a finite Borel measure m on [0, 1] is shown as
for all positive operators A and B. The associated measure of the weighted harmonic mean ! µ is the Dirac measure δ µ at µ. The weighted arithmetic mean ∇ µ has the associated measure (1 − µ)δ 0 + µδ 1 . It is known that, for each 0 < µ < 1,
where the integral is taken with respect to the Lebesgue measure; see e.g. [2] . So, the associated measure of the weighted geometric mean ♯ µ is
The following theorem plays an essential role in obtaining some mean inequalities and investigating their equality conditions.
be an operator monotone function with f (1) = 1, and associated mean σ f . Then there exists an operator mean τ such that for all positive invertible operators A, B ∈ B + (H ),
Moreover, if f is non-linear, then τ is unique with the representing function
Proof. For brevity, we set µ = f ′ (1) and σ = σ f . If f is linear, then f (t) = 1−µ+µt, and so σ = ∇ µ . Since f ′′ (1) = 0, the assertion holds by taking τ an arbitrary operator mean. Now let f be non-linear. Since f ′′ (1) = 0, taking A = I and B = tI (t > 0), we see that, in the case of existence, τ is unique. By Theorem 2.3, we have
where m is the associated probability measure of f , and
Notice that
A direct computation shows
By integrating from (2.11), we have
for all positive invertible operators A, B ∈ B + (H ). It is easily seen that τ is an operator mean, and considering Theorem 2.1 together with the identity (2.12), the function g in (2.10) is its representing function. Using functional calculus in (2.12), at each positive invertible operator T , we have
in the above identity, multiply each side of it from left and right by A 1 2 , and consider (2.13) to get (2.9). Corollary 2.5. Let 0 ≤ µ ≤ 1. Then there exists an operator mean τ such that for all positive invertible operators A, B ∈ B + (H ),
In particular, if µ = , then 
Proof. The identity (2.16) follows by letting f (t) = 1! µ t in Theorem 2.4, and taking into account that g(t) = 1∇ 1−µ t, when 0 < µ < 1.
be an operator monotone function with f (1) = 1, f ′ (1) = µ, and associated mean σ. Since f (t) ≤ t for t ≥ 1, see [6] , we have
Let h(t) := tf (t −1 ) be the representing function of σ 0 . Clearly h(1) = 1, and since
we have h ′ (1) = 1 − µ and h ′′ (1) = f ′′ (1). Now, let f be non-linear. Since h ′′ (1) < 0, h is also non-linear. Suppose that τ and g are corresponded to f , while τ 1 and g 1 to h, as in (2.9) and (2.10). By a straightforward computation, we see that g 1 (t) = tg(t −1 ), and so τ 1 = τ 0 . Thus, by Theorem 2.4, for all positive invertible operators A, B ∈ B + (H ), we have
Using (2.17), we get lim t→+∞ g(t) = +∞, and in particular g ′ (1) = 0. By the same reasoning, g ′ 1 (1) = 0, which yields that g ′ (1) = 1.
Ky Fan type inequalities
In this section, we aim to obtain some operator Ky Fan type inequalities corresponding to (1.1)-(1.8). Also, we discus the case when equality holds in each of the obtaining inequalities. As a convention, if A, B ∈ B + (H ) such that 0 < A, B ≤ 
I, then
Moreover, when f is non-linear, equality holds if and only if A = B.
Proof. Suppose that τ and g are as in (2.9) and (2.10). Since A ′ , B ′ > 0, using (2.9) for A ′ and B ′ instead of A and B, respectively, we get
Since A ′ τ B ′ −1 ≤ Aτ B −1 and −f ′′ (1) ≥ 0, comparison of (2.9) and (3.2) yields (3.1). Clearly, if A = B, then equality holds in (3.1). Now, suppose that f is non-linear and equality holds in (3.1). By (2.9) and (3.2), we get
Let γ = g ′ (1). By Remark 2.7, we have 0 < γ < 1. Using (2.6) for the operator mean τ with its representing function g, we get
There are two cases: Case 1. The function g is linear. So, τ = ∇ γ . According to (3.3) and (3.4), we have
This implies that
where
. Thus γ(1 − γ)(t − 1) 4 = 0 for all t ∈ sp(T ). Since γ = 0, 1, we have sp(T ) = {1}, which concludes that T = I, and so A = B. Case 2. The function g is non-linear. Therefore, g is strictly concave, and so g(t) < 1∇ γ t (0 < t = 1). According to (3.3) and (3.4), we have
. Thus (1∇ γ t − g(t))(t − 1) 2 = 0 for all t ∈ sp(T ), which yields sp(T ) = {1}, and so A = B. 
Moreover, when 0 < µ < 1, equality holds in each of the above inequalities if and only if A = B.
The following example shows that, unfortunately except than (1.1) and (1.2), the natural operator versions of the other Ky Fan type inequalities do not hold, even in the case when operators are order comparable with each other. and using Mathematica, we find that
0.0685098 0.0204844
0.00560064 0.00101542 By exactly the same data, we observe that there is no natural operator version for inequalities (1.4), (1.5), (1.7) and (1.8).
In the next part we obtain the natural eigenvalue versions for the Ky Fan type inequalities (1.3)-(1.8). To do this, we need the following results. We state the following lemma which can be easily achieved by the mean value theorem. 
Equality holds in each inequality of (3.6) if and only if u = v.
Proposition 3.5. Let σ and τ be two operator means with representing functions f and g, respectively. If A, B ∈ B + (H ) are two positive invertible operators, then
Moreover, when f (t) = g(t) (0 < t = 1), equality holds in each inequality of (3.7) if and only if A = B.
Proof. Taking t > 0 and substituting u = f (t), v = g(t), and a = −1 in Lemma 3.4, we obtain
Utilizing functional calculus, replacing t with A , we get (3.7). Now, let f (t) = g(t) (0 < t = 1) and equality holds in the left (right) inequality of (3.7). Then for each t ∈ sp(A 
Moreover, when f is non-linear, equality holds in each inequality of (3.9) if and only if A = B. 2 ) = {t 0 }, and so equality holds in each of inequalities in (3.7), while A = B. This shows that the hypotheses f (t) = g(t) (0 < t = 1) for the case of equality in Proposition 3.5 is not superfluous. For an example of such functions, let 0 < r < s < 1, f (t) = (2t) r and g(t) = (2t)
and B(B(g)) are operator monotone functions, where B defined by
is the Barbour transform, see [14] . Since B is injective, B(B(f )) = B(B(g)).
It is easy to see that B(B(f ))(1) = 1 = B(B(g))(1),
| t=1 , and B(B(f ))( ( 1 2 ).
Eigenvalue inequalities.
In this part, we aim to obtain extended natural eigenvalue versions for the Ky Fan type inequalities (1.3)-(1.8) . Also, we discuss their equality conditions. Throughout this part, let (H , · , · ) denote a complex separable Hilbert space. For a compact positive operator A ∈ B + (H ), let λ 1 (A) ≥ λ 2 (A) ≥ · · · ≥ 0 denote the eigenvalues of A arranged in decreasing order and repeated according to their multiplicity. To prove eigenvalue inequalities, the following lemmas will be used in what follows. I and A − B is compact, then for all j = 1, 2, . . .,
Moreover, when f is non-linear, equality holds in each of the above systems of inequalities if and only if A = B.
Proof. For each j = 1, 2, . . ., we have
(by Lemma 3.10)
(by (3.1) and Lemma 3.9)
and so the system of inequalities (3.10) holds. Now, let f be non-linear and equality holds in (3.10). Then, by the above computation, we get
It follows from (3.1) and Lemma 3.11,
which by Theorem 3.1, we conclude that A = B.
The system of inequalities (3.11) and its equality condition follows from (2.3) by a similar argument. I and A − B is compact, then for all j = 1, 2, . . .,
Moreover, when 0 < µ < 1, equality holds in each of the above systems of inequalities if and only if A = B.
Next, we are going to prove eigenvalue inequalities for the multiplicative Ky Fan type inequalities (1.6)-(1.8). I and A − B is compact, then for all j = 1, 2, . . .,
+ 1 (by Lemma 3.10) Thus, the system of inequalities (3.12) holds. Now, let f be non-linear and equality holds in (3.12) . Then, by the above computation, we get λ j (A ′ ∇ µ B ′ − A ′ σB ′ ) = λ j (A∇ µ B − AσB), j = 1, 2, . . . , which by the same reasoning as in the proof of Theorem 3.12, we ensure that A = B. Next, for each j = 1, 2, . . ., we have
+ 1 (by Lemma 3.10) 
